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When the 't Hooft coupling of the gauge theory is small, the dual closed string worldsheet 
develops a new branch. We show that the fluctuations of the worldsheet into this branch 
effectively correspond to "holes" on the worldsheet, generating an open string sector. This 
leads to a microscopic description of how the 't Hooft expansion of gauge theory amplitudes 
is reproduced in the closed string computation. We find that the closed string amplitudes 
also contain terms which are not captured in the 't Hooft expansion but are present in the 
exact computation in the gauge theory amplitudes. These arise when the whole Riemann 
surface is in the new branch. We also discuss the cases with SO and Sp gauge groups. 




We give a worldsheet proof of the equivalence between the U (N) Chern-Simons gauge 
theory on S 3 and the topological closed string theory on the resolved conifold geometry. 
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1. Introduction 



Many examples of large N dualities have been discovered in string theory in recent 
years, in accord with 't Hooft's original idea [Q. Most of these results are motivated from 
the viewpoint of target space physics. However, the original intuition of 't Hooft was based 
on worldsheet diagrams. It is thus natural to expect that one can derive large N dualities 
from the worldsheet perspective. In 't Hooft's double line notation, Feynman diagrams 
are expressed as surfaces with holes. It was postulated that somehow these holes get filled 
up, leading to closed Riemann surfaces without boundaries. Given that we know what the 
closed string duals are in many examples, it is natural to ask the reverse question. Namely, 
we could try to see how the holes get developed from the closed string perspective, leading 
to the Feynman diagrams of the gauge theories. In this paper, we show how this works in 
the context of the duality between the U(N) Chern-Simons gauge theory on S 3 and the 
topological closed string theory on the resolved conifold, which was conjectured in 0. By 
doing so, we also shed light on some aspects of this duality and in particular how certain 
non-perturbative terms in the gauge theory arise on the closed string dual. We suspect 
that our derivation may well have applications beyond the particular case considered here. 

Let us first review the general setup of large iV dualities proposed by 't Hooft. Consider 
a gauge theory with U (N) gauge group whose action is written as 

S= 4- fc(A) 
"ym J 

where A is a gauge field. A Feynman diagram of U(N) gauge theory drawn as a "ribbon 
graph" can be viewed as a closed Riemann surface with some holes. The dependence of 
the amplitude on the gauge coupling constant g\ M and the rank iV of the gauge group 
can be captured by the topology of this surface. For a ribbon graph with g handles and h 
holes, the amplitude comes with the factor 

(9 2 Yu)- V+E N h = ( 9 2 YM )- V+E - h (9 2 YuN) h = (g YM ) 29 - 2 (9YuN) h = (Sym) 29 " 2 ^, 

where V and E are the number of vertices and propagators in the graph, and we have 
defined t = g Y M^- The full amplitude is given by summing over all topologies, 

oo oo 

F = E E (9 2 YM ) 29 - 2 t h F g , h = 5>ym) 25 " 2 F 9 (t), (1.1) 



where 

oo 

F g (t) = t h F g , h (1.2) 
h=i 

and the coefficients F g ^ h may be a function of other parameters defining the theory. The 
statement that this is an expansion in powers of 1/N is the same as saying this is an 
expansion in powers of g\ M , as shown in the above, since g\ M N is held fixed. The gen- 
eral conjecture of 't Hooft is that at large N, with g\ M N = t held fixed, an equivalent 
description should involve closed Riemann surfaces which are obtained from the ribbon 
graphs by "filling holes with disks." Compare Figure 1 of a ribbon graph and Figure 2 of 
the corresponding Riemann surface: 




Figure 1: A Ribbon graph with g = 1 and h = 9. 




Figure 2: The corresponding Riemann surface. The holes in the ribbon graph in Figure 1 are 
filled with shaded regions, all of which have the topology of the disk. 

In string theory, various U(N) gauge theories can be realized on D branes. There, the 
ribbon graphs "come to life" as open string worldsheets with holes ending on D branes. In 
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this setup, the string coupling A s is identified with the gauge coupling as 

A s — 9ym- 

To interpret £ t Hooft duality in the context of string theory, F g (t) in ( |l.lj ) should be viewed 
as a closed string genus g amplitude which depends on some modulus in the target space 
given by t = gy M N = X sN. 

Note that from the expression ( |1.2|) for the 't Hooft expansion, one would conclude that 
F g (t) is a smooth analytic function of t at t = 0. However this raises a puzzle: Typically 
in large N dualities, t is interpreted as a size of a geometric object in the target space 
and t — > leads to vanishing cycles, which in turn signal the breakdown of closed string 
perturbation theory and divergences of some amplitudes. On the other hand, from the dual 
gauge description, this lack of smoothness seems to be in conflict with the expectation that 
gauge theory perturbation should be reliable in this limit. This puzzle arises for any large 
N dualities, including AdS/CFT correspondences. We will see how this puzzle is resolved 
in the case of the large N duality for the Chern-Simons theory. 

Since we believe our general strategy for a worldsheet derivation of large iV duality 
has a wider range of applicability, here we give its outline without specializing to the case 
of the Chern-Simons gauge theory. The basic outline of the idea was suggested in 0, and 
we will make it precise in the present paper. 

That a worldsheet derivation could exist in string perturbation theory is natural since 
the closed string coupling constant A s is kept small. On the other hand, t = \ S N is 
not necessarily taken to be small. This means that infinitely many holes can contribute 
to the amplitudes. This is very much like how we deform string backgrounds in closed 
string perturbation theory. There, we add marginal perturbations t J d 2 zV(z,z) to the 
worldsheet action. We can compute worldsheet amplitudes by expanding it in powers 
of t, which counts the number of insertions of V and we may find it necessary to take 
into account infinitely many insertions of V. Of course this is still compatible with string 
perturbation theory, which is an expansion in A s . That D-branes may be incorporated in 
such a manner in a closed string theory was also proposed in early days of D-branes [[§ . 

The basic idea we shall use in a worldsheet derivation of the large iV duality is the 
following: We start with a "good" description of the worldsheet theory at t = from 
the perspective of the proposed closed string dual. By a "good" description we mean 
the one in which the worldsheet quantum field theory is well-defined and can be used to 
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describe physics near t = 0. In particular we assume that the expected breakdown of 
string perturbation theory and divergence of string amplitudes can be traced back to the 
emergence of an extra non-compact branch (or more specifically, the emergence of a non- 
compact region in the field space) in the otherwise perfectly well-defined quantum field 
theory in two dimensions. Such examples have already been encountered in singular limits 
of string compactification @J^,||. Let us call the bulk of the field space by H and the 
new emerging branch at t = by C. (The choice of the terminology is motivated by the 
fact that, in the Chern-Simons case, H represents the Higgs branch and C the Coulomb 
branch of the worldsheet theory.) Thus, when we integrate over field configurations on a 
fixed Riemann surface, there may be regions of the surface which are in the H phase and 
there may be others in the C phase. The t dependence of the amplitudes will be captured 
entirely by the C branch. 

In principle, any configuration of H and C domains can contribute to the closed 
string amplitudes. However, in order to prove the correspondence between gauge theory 
and string theory, we need to establish that Riemann surfaces with mixed phases do not 
contribute to the topological string amplitudes, unless each connected component of the C 
domain has the topology of the disk. This is to avoid configurations such as those shown 
in Figure 3, which do not correspond to ribbon graphs in the 't Hooft expansion: 



Figure 3: We need to show that worldsheets with both C and H phases, such as those shown 
here, do not contribute to the topological string amplitudes, except when every C domain has the 
topology of the disk as shown in Figure 4. The C domains are represented in the shaded regions 
in the figures. 

Instead we show that the only mixed configurations which contribute to the topological 
string amplitudes are of the form in Figure 4: 




Figure 4: A worldsheet with an arbitrary number of C domains with the topology of the disk 
can contribute. We will show that each C domain contributes with the factor oft = gyM^- 

To reproduce the 't Hooft expansion (|L^), each C domain of the disk topology should 
contribute by a factor of t = gy M N. Furthermore we need that the fields dynamical in 
the H phase become non-dynamical in the C phase (i.e. become infinitely massive in the 
IR in the C phase), so that we obtain suitable D-brane like conditions imposed on the H 
fields on the boundary. This precisely reproduces the structure of the 't Hooft expansion 
( P-.1Q of the gauge theory if we regard C domains as holes of the ribbon graph, except that 
each of them gives rise to the necessary factor of t. To summarize, in this scenario, disks 
in the C phase can be viewed as holes for some open string theory living in the H phase. 
This will lead to a D-brane description and thus to a dual U (N) gauge theory. 

We have, however, two more possibilities: The full Riemann surface may be in the H 
or C branch. 
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The appearance of a worldsheet in the pure H phase is rather natural. If the whole 
Riemann surface is in the H branch, we can consider it as contribution of purely closed 
string loops in the presence of D-branes before taking the decoupling limit. The fact that 
such contributions are included in our computation suggests that the large N duality can 
be established in a more general sense. We believe that that our derivation should apply 
not only to the gauge theory /closed string duality in the strict low energy limit of string 
theory but also to a more general setup of the equivalence between a D-brane configuration 
and a closed string background, where the gravity is not decoupled in the D-brane side 
and the "near-horizon limit" is not taken in the closed string side. Of course if we take 
a decoupling limit, where the gauge theory decouples from gravity, the contribution from 
the entire Riemann surface being in the H branch should vanish. 

On the other hand, the case when the whole Riemann surface is in the C branch, 
depicted in Figure 5 below, might appear as surprising from the gauge theory side, as it 
does not correspond to any perturbative 't Hooft diagram. This must thus correspond 
to some non-perturbative terms on the gauge theory side. The fact that the existence 
of C branch corresponds to the breakdown of closed string amplitudes suggests that the 
contributions coming from Riemann surfaces which are entirely in the C branch are not 
smooth in the limit t — > 0. From the perspective of gauge theory, this appears as the case 
where "the entire Riemann surface is a hole" ! Thus our proof points out that the 't Hooft 
expansion of the gauge theory may miss important terms in the closed string side, which 
correspond to some non-perturbative terms in the gauge theory. 



Figure 5: The entire worldsheet can be in the C domain. This does not correspond to any 
perturbative 't Hooft diagram and therefore must represent some nonperturbative effect in the 
gauge theory. 

In this paper we show how the above general ideas are realized in a precise quantitative 
manner for the large N duality of Chern-Simons theory. The organization of this paper is 
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as follows: In section 2 we review aspects of the Chern-Simons/topological closed string 
duality. In section 3 we review the linear sigma model description of the worldsheet theory 
on the resolved conifold. In section 4 we present the proof of the duality We also give 
a brief discussion on the cases of the SO(N) and Sp(N) gauge groups. We will conclude 
this paper in section 5 with summary of our results, generalization including Wilson loop 
observables, and discussion on implications of our results for other large N dualities. 



2. Large N Chern-Simons Duality 

The U(N) Chern-Simons gauge theory at level k on S 3 was conjectured in to be 
equivalent to topological closed strings on resolved conifold, with the dictionary that the 
string coupling constant is given by A s = i/(k + N) and the complexified Kahler class t of 
the resolved conifold is t = iN/(k + N). Since t is pure imaginary, the S 2 of the conifold 
geometry has zero size but there is a non- vanishing NS-NS two-form field, which makes the 
string theory non-singular. We will often refer to t as the size of the S 2 . The motivation for 
the conjecture comes from the fact that both sides can be viewed as topological strings near 
the conifold. The U(N) Chern-Simons theory can be viewed as target string field theory 
for topological A- mo del on the deformed conifold where there are iV D-branes wrapping 
around S 3 0. The gravity dual is the topological string on the resolved conifold. Thus, 
very much in the spirit of large N dualities, there is a topological transition where the 
S 3 cycle containing D-branes shrinks and there emerges a dual cycle S 2 . In fact, since 
the Chern-Simons theory is topological, the partition function does not depend on the 
volume of the S 3 , so we can take the S 3 size to zero. On the other hand, since t is pure 
imaginary, the resolved conifold geometry in the closed string side is also at zero size. So, 
geometrically speaking, the duality is the conversion of branes to NS-NS S-field, as shown 
in Figure 6 below, without touching the underlying geometry. 
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Figure 6: The Chern-Simons theory can be realized as the topological open string theory on D 
branes wrapping on the S 3 of the deformed conifold. Topological string amplitudes are indepen- 
dent of the size of the S 3 , so we can shrink it to zero. Thus the large N duality is the statement 
that N D branes on the conifold can be replaced by the B -field of the amount <7ym-^- 



Many checks have been performed for this conjectured duality including highly non- 
trivial tests involving Wilson loop operators to all order in the gauge coupling constant 
It is clearly desirable to go beyond gathering evidence for large iV dualities 
and actually prove them. The Chern-Simons theory /topological closed string duality was 
embedded in the context of the type IIA string theory in [pL3| . It is known || that ampli- 
tudes of the Chern-Simons theory can be used to compute the F terms in the M — 1 gauge 
theory which is realized on iV D6 branes wrapping around the S 3 in the deformed coni- 
fold geometry. On the other hand, topological closed string amplitudes give corresponding 
terms in the low energy effective theory of the type IIA string theory on the resolved coni- 
fold with N units of the Ramond-Ramond flux through the S 2 [Q. Therefore we have 



1 The original conjecture was for the gauge group SU(N), but it was pointed out in [12] that 
the duality can be stated in a more natural form in the context of U(N) gauge theory. 
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a proof of the Chern-Simons/topological closed string duality provided one can show that 
the deformed conifold with D6 branes and the resolved conifold without brane are related 
in the type IIA string theory. Subsequently it was found that these two configurations are 
indeed smoothly connected to each other by lifting them to M theory on a G2 holonomy 
manifold ||15|1 - The existence and absence of D-branes on these two configurations are 
traced to the fact that, depending on the moduli of the G2 manifold, a action on the 
G2 manifold does or does not have a fixed point on the S 3 . Moreover one can show that 
the F terms in question do not depend on these moduli. Therefore the M theory duality 
implies the Chern-Simons/topological closed string duality. Various aspects of the lifting 
of type IIA configurations to G2 holonomy manifolds have been studied in a number of 
papers 



16,17,18 



This derivation is fine, except that one is appealing to the duality between the type IIA 
theory and M theory compactified on a circle, which remains a conjecture. The aim of this 
paper is to give a self-contained proof of the gauge theory/string theory duality without 
making use of the M theory/type IIA duality. The g loop topological string amplitude is 
evaluated by computing the functional integral of the sigma-model for the resolved conifold 
and then integrating the resulting amplitude over the moduli space of genus g Riemann 
surface. We will show explicitly that this string amplitude can be expressed as a sum of 
Feynman diagrams in the Chern-Simons gauge theory. 

That there may exist a worldsheet derivation of the Chern-Simons/ topological strings 
was suggested in [0. The basic idea advocated there was to start from the closed string 
side and go to a regime where the conifold geometry is singular, which corresponds to small 
't Hooft coupling in the gauge theory side. In this limit, the worldsheet theory acquires 
Coulomb and Higgs phases, which can co-exist on a single worldsheet. The basic proposal 
there was that the regions on the worldsheet which are in the Coulomb phase become the 
holes from the perspective of the Higgs phase and that this effectively introduces an open 
string sector in the string theory. In this paper, we show that this general idea is correct 
and prove that amplitudes in the Chern-Simons theory are quantitatively reproduced in 
the topological closed string computation. 

For strings on the resolved conifold, where various aspects of the worldsheet dynamics 
have been studied JT9|,|6|, it is known that the spectrum becomes continous without mass 
gap and that g loop topological string amplitudes diverges as l/t 2g ~ 2 in the limit t — > 0. 
This is in line with the expectation that string theory perturbation breaks down in this 
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limit. However, as discussed in the introduction, this seems to be at odds with the structure 
of the 't Hooft expansion of F g (t) shown in ( |1.2p and its smoothness as t — > 0. 

It turns out that the exact Chern-Simons amplitudes also contain terms singular in 
t. That these amplitudes have such extra terms that are missing in the perturbative 
expansion has been noted and how they appear from the path-integral has been studied in 
||20|| and pl| , p2| , |23[| . Similar non-perturbative terms arise in the context of the emedding of 



this duality in type IIA superstrings. It is important for our derivation of large N dualities 
to study these extra terms which are not captured by the 't Hooft expansion. 

2.1. Nonperturbative terms; Chern-Simons perspective 

Let us first discuss the appearance of these non-perturbative terms from the perspec- 
tive of the Chern-Simons gauge theory ]2Ti| , pT| , p2"| , |2lj[ ] . The idea is to consider the prefactors 



that go into the definition of the path integral. The U(N) Chern-Simons perturbation 
theoy on S 3 expands the gauge field near the trivial connection A = 0. This connection 
has a residual global gauge symmetry corresponding to constant U(N) gauge transforma- 
tions. This implies that the path-integral must have an extra factor of 1/volcs (U(N)), 
where the volume voles is to be measured using the normalization defined by the quadratic 
term in the Chern-Simons action. Since this factor is k/2ir, and it is quantum corrected 
to (k + N)/2n, this means that the radius of U(N) is not 1, but rather \f(k + N)/2n. 
Thus, rescaling the radius to 1, and denoting the corresponding volume by vol(U(N)), we 
see that the path integral should have a prefactor 

exp (F) = \ dil i (u(N)) ex P (^Pert.) , (2.1) 

where .Fp ert is computable by summing over the 't Hooft diagrams. The factor 
(27ri)^ dim ( u ( N ^ in the numerator comes from the Gaussian integral formula J dxe~^ x = 
V2^i. 

The non-perturbative piece of the amplitude in this case is then given by 

•fnonpert = " log (vol(C/(iV) ) ) - -dim (U(N)) log [j^) • (2-2) 



Let us evaluate this formula. Since U (N) = U (1)®SU (N)/Zjy and since vol U (1) = 2-n-\/N 
in our normalization of the kinetic term, we have 

vo\{U{N)) = -?Lvol(SU(N)). (2.3) 
v N 
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The volume of a compact group has been computed in [23]. Applying this formula to 
SU(N), one obtains 



vol (SU(N)) = vol (g/g z ) ■ vol(^ x S b x ■ ■ ■ S^" 1 ), (2.4) 

where g is the Lie algebra of U (N), gz is the Chevalley lattice, and (i = 2, 3, • • • , N) 

are unit spheres with dimensions (2i — 1). The odd dimensional spheres appear in the 
volume formula since SU(N) is rational homotopy equivalent to the product of these 
spheres. Evaluating this formula, we find! 



worn am v^W*" + VN(2rr)- 
VGl ( ^ (iV)) = (JV-l)!(JV-2)!-2!l! = G^N + T) ' (2 ' 5) 

where ^2(2) is the Barnes function defined by 

G 2 (z + l) = r(z)G 2 (z), G 2 (l) = l. (2.6) 
Combining this with (|2.3| ), we find 

(27r)* Ar2 + ^ 

™ 1(c/(iV)) = -gWTW (2 ' 7) 

Substituting this into ( |2.1|) , we obtain the nonperturbative piece of the Chern-Simons 
amplitude as 

^nonpert -logic- ( 27r )^ )" ^ 



This precisely reproduces the k — > 00 limit of the exact result |H| in the Chern-Simons 
theory. 

Now let us take the large iV expansion of this formula. Using the Binet integral for 
the Gamma function 

(1 \ 1 r°° tan ( -) 

,--llog,-, + -l Og 2. + 2y e2nt _\ dt, (2.9) 



2 Since the kinetic term of the Chern-Simons theory uses the trace in the fundamental rep- 
resentation, the normalization of the metric on SU (N) differs by a factor \/2N from that in the 
mathematical literature. We thank Y. Hashimoto for useful communication and for having his 
unpublished notes available for us. 
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one can derive the asymptotic expansion of the Barnes function as 

N 2 1 3 1 

logG 2 (iV+l) =— logJV- — logJV- i A r2 + -A r log2i + C'(-l) 



9=2 



B2g 

^2g(2g-2)N^-2- 



[2.10) 



Recognizing (k + N) = 1/A S , we obtain 

TV 2 ( 3\ 1 

^nonpert — (log (2mNX s ) - - ) - — log (N) + ('(-I) 
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r2.11) 



^ N 2g-2 2g{ 2 g _ 2) 



which we can rewrite in terms of A s and t = NX S as 



^"„o„p. rt =^~ 2 * 2 Uog(27ri<) - |) - -^io g (a; v ) +c'(-i) 



S 2g 



(2.12) 



7 _ 2 2^(2(7-2)^-2 



As we will show in section 4.2, this structure of singularity predicted by the prefactors 
in Chern-Simons theory exactly agrees with the result of the topological closed string 
computation for worldsheets in the pure C phase.@ 

2.2. Nonperturbative terms; type II A superstring perspective 

These nonperturbative terms also have physical interpretations in the context of the 
type IIA string theory, which is far more non-trivial. The Chern-Simons amplitude com- 
pute some F-terms in the TV = 1 gauge theory realized on D6 branes wrapping on S 3 on 
the deformed conifold ||14|| . In particular the planar diagrams of the Chern-Simons theory 
compute superpotential terms in the gauge theory involving the gaugino bilinear superfield 
S = Trtfj 2 . If i*o,/i denote the Chern-Simons amplitude with worldsheet topology of genus 
and with h holes, one obtains a superpotential 

00 

W pert (S) = nY, Fo^- 1 =NY,(S + in) log(5 + in). (2.13) 

h=l 



3 In order to check this, one has to recall the ambiguities inherent in the definition of closed 
string partition function genus and 1. 
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On the other hand, the exact answer for the Chern-Simons gauge theory is known, and 
the leading term in the large N expansion yields 

Wexact (S) = N (S + in) log(5 + in) = N-^-, (2.14) 

n 

where Fo is the genus closed string amplitude on the resolved conifold with Kahler class 
t = S. Compared with ( [2.13 ), the sum here includes the n = term, which corresponds to 



NS log S term. This term is absent from the perturbative expression ( |2.13| ) but is a part 
of the exact Chern-Simons amplitude, as discussed above. 

The splitting of the exact Chern-Simons partition function ( [2.14 ) to perturbative and 



non-perturbative pieces has a physical interpretation in type IIA superstring. The low 
energy effective theory of N D6 branes wrapping S 3 is the M = 1 Yang-Mill theory. The 
superpotential W(S) receives stringy corrections, and the perturbative string computation 
is caputured in W peTt (S). However, there are also non-perturbative contributions: Gauge 
theory instantons generate a superpotential for S. In fact to leading order in IR, which 



means the small S regime, the measure induced potential NSlogS ||25|| and the rS tree 



term, with r = <7 Y M' dominate the superpotential and lead to gaugino condensate 

dW = -> d(NS\ogS + tS) = -f S ~ e~ T/N . 

Thus it is not surprising that S'logS' is missing from the pertubation theory: it should 
come from axial anomaly in path integral measure. That they are related to fractional 
instantons is reflected in the fact that the condensate is exponential t/N which is 1/iV-th 
of the action for an instanton. The reason that this survives at large iV is precisely because 
they are fractional, so that they are weighted with 1/N and one gets the action as inverse 
of 't Hooft parameter l/Ngy M = 1/t. 

Note that the wrapping Euclidean D2 brane, which from the viewpoint of D6 brane 
is an instanton, is not an instanton from the viepoint of the Chern-Simons gauge theory 
since it is not localized to a point on S 3 . This is consistent with the fact that these non- 
perturbative terms appear in the prefactor 1/vol (U(N)) in the context of Chern-Simons 
gauge theory. 

Similar contributions exists at each order in 1/N. As discussed in [[13], each term in the 
1/N expansion correspond to some contribution to a superpotential- type term. Moreover 
at each order in the 1/N expansion, which corresponds to a fixed genus on the closed 
string dual, the superpotential terms can be viewed as contributions from perturbative 
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string expansions plus one term at each genus which can be presumably attributed to the 
contribution of fractional instantons to the corresponding amplitudes. If F g (S) denotes 
the dual closed string amplitude at genus g the leading term as S — > is precisely the term 
missing from open string/gauge theory perturbations. For g > 2, it is given by 

We will show that, in the topological closed string side, these nonperturbative terms 
correspond to the situation in which the entire worldsheet is in the Coulomb phase, i.e. 
when the worldsheet as a whole is a "hole." This configuration does not correspond to any 
Feynman diagram of the gauge theory, and it explains why these terms are not captured in 
the perturbative gauge theory computation. Thus, both the exact answer in Chern-Simons 
theory and closed string dual have these extra terms, and this is perfectly consistent with 
the large iV duality. 

3. Linear sigma-model description of the worldsheet 

One of the main difficulties in finding a direct proof of the AdS /CFT correspondence 
has been a lack of a useful description of string worldsheet when the 't Hooft coupling in 
the gauge theory side is small. In fact, for string theory on the resolved conifold, there is 
such a description. The linear sigma-model |26| is a good description for the worldsheet 
even when the size t of the base S 2 is small. 

Before describing the linear sigma-model, it would be useful to start with a brief 
review of the conifold geometry. The conifold is a singular space defined by the equation, 

4 

J> 2 = 0, (3.1) 

i=i 

in C . The Kahler form is given by 

! 4 

u = — ^dzi Adzi, (3.2) 
j=l 

restricted on ( [3J]) . The space has a singularity at Zi = 0, and it can be made smooth 
either by deformation of complex structure or by small resolution. The deformation of the 
conifold is described by the equation, 

4 

= (3-3) 

i=i 
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Without loss of generality, we can assume that \i is real and positive. The resulting space 
is nothing but the cotangent space of S 3 . To see this, we set 



Zi= Xi+ ipi. (3.4) 
The equation can then be expressed as 

Y x ? ~ Y $ = ^ Y XiPi = °- ( 3 - 5 ) 

i i i 

The first equation shows that the space contains an S 3 of radius \i at pi = 0, and the second 

equation means that p,'s are coordinates of the cotangent space at x G S 3 . Moreover the 
Kahler form ( |3.2| ) is expressed in these coordinates as 



4 

U) = 

i=l 



dpi A dxi, (3.6) 



which gives the natural symplectic structure on T*S 3 . Thus the space ( [Op with fx ^ is 
smooth deformation of the singular space (|3.1|). 

The conifold can also be made smooth by small resolution. It means finding a smooth 



space which can be mapped holomorphically onto the conifold (|3.1|) except at the singu- 
larity at Zi = 0. Thus it is not a complex structure deformation but should be considered 
as deformation of the Kahler structure. To describe the process, it is useful to introduce a 
new set of complex coordinates yi (i = 1, • • • , 4) defined by 



y 1 = zi+iz 2 , V2 = zi-iz 2 , 
y 3 = Z 3 + IZ4, y 4 = -»z + i%4- 



(3.7) 



The conifold equation ( |3.1| ) can then be written as 

2/12/2 - 2/32/4 = 0. (3.* 
Introducing the two sets of coordinates (2/1,2/2,2/3,2) and (w, 2/2, 2/3, 2/4) defined by 

(2/1, 2/2, 2/3, 2/4) = (2/1,2/2, 2/3, zyi) 



= (wyi, 2/2, 2/3, 2/4), 

the equation (|3.8| ) becomes 



(3.9) 



2/1(2/2-22/3) = (3.10) 
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in the (yi, 1/2,1/3, z) coordinates and 



y4wy 2 - 2/3) = (3.11) 

in the (1/2, 2/3,2/4, w) coordinates. This suggests considering two smooth spaces 

Ui = { (yi, 2/2,2/3,2) I zy 2 -y 3 = 0}, U 2 = { (2/2,2/3,2/4, w) \ y 2 -wy 3 = 0}, (3.12) 

glued together by zw = 1 and y\ = zy^. The resulting space is smooth, and it is mapped 
onto the conifold (|3.8|) by (^9|). The map is holomorphic except at = 0, and this gives 
the small resolution. 

The inverse image of the singularity yi = is z and w glued together by zw = 1 , namely 
we can regard z and w as coordinates on the northern and the southern hemispheres of S 2 . 
In this way, the conifold singularity is resolved by replacing the singularity at y^ = by the 
S 2 . The equations 2/4 = zy\ and y 2 = zy 3 define a sum of line bundles O(-l) © O(-l) over 
the 5" 2 , where (yi, 2/3) are regarded as coordinates of the fiber over the northern hemisphere 
and (2/2, 2/4) are over the southern hemisphere of the S 2 . 

To construct a sigma-model whose target space is the resolved conifold, it is convenient 
to use the projective coordinates (ai, a 2 ) on the S 2 so that z = a\/a 2 . The north pole is 
at ai = and the south pole is at a 2 = 0. The coordinates y^s can then be expressed as 

2/i = aih, 2/2 = a 2 h, 

h h (3 ' 13) 

2/3 = aih, 2/4 = a 2 oi. 

In these coordinates, the S 2 is located at b\ = b 2 = 0. The variables ai,b{ are arbitrary, 
but there is a gauge symmetry 

(o is h) (Cai, C _1 ^)> C e C\{0}, (3.14) 

which keeps y^s invariant. Thus the resolved conifold can be constructed as the Kahler 
quotient of (ai, a 2 , bi, b 2 ) by the action of ( p.!4|) . 

This geometric construction is translated into the field theory language as follows. We 
consider a linear sigma-model in two dimensions with M = 2 supersymmetry consisting of 
four chiral multiplets, Ai : Bi (i = 1,2), whose lowest components are ai,bi in the above 
paragraph, and one vector multiplet V for the U(l) gauge symmetry to enforce the gauge 
symmetry ( |3.14| ). The four charged chiral fields carry U(l) charges +1 and —1 for A and 
B respectively. 
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Let us look at the potential for the scalar fields. The kinetic terms Aie 2V Ai+B^e 2V Bi 
gives 

V kin = 2\a\ 2 (|ai| 2 + |a 2 | 2 + |6i| 2 + |6 2 | 2 ) - D (|ai| 2 + |a 2 | 2 - |6i| 2 - \b 2 \ 2 ) , (3.15) 

where e is the U(l) gauge coupling constant on the worldsheet, a is the complex scalar 
field, and D is the auxiliarly field in the vector multiplet V. Note that both e and a have 
dimensions of mass on the worldsheet. The gauge kinetic energy contributes ^D 2 . In 
addition, we can add the Fayet-Illiopoulos term — rD and the theta term i-^F for the 
gauge field strength F. Eliminating the auxiliarly field D by its equation of motion, we 
obtain 

V = 2\a\ 2 (\ ai \ 2 + \a 2 \ 2 + {hi 2 + \b 2 \ 2 ) + %- (\ ai \ 2 + \a 2 \ 2 - l^) 2 - |6 2 | 2 - rf . (3.16) 
If r 7^ 0, solutions to V = are given by a = and Oj, bi obeying the constraint 



«i + \a>2 



2 lu 12 {b 12 



(3.17) 



modulo the gauge symmetry 



e l cti, bi -> e" 



(3.18) 



The resulting space is the resolved conifold. To see this, suppose r > 0. (For r < 0, 
one can just exchange the roles of a\ and bi below.) The equation (|3.17|) says that the 
space contains a minimum S 2 of radius ^fr at bi = 0. Because of (|3.13|) , this S 2 is located 
at yi = 0, the location of the singularity of the conifold. The gauge symmetry (|3.14|) is 
partially fixed by ( 3.17 ), with the residual gauge symmetry manifest in ( p. 18 ). 



When r = 0, the space of solutions to V = acquires an additional branch where 



a 7^ and Oj, bi = pqj . If 9 ^ 0, the theta term induces a constant electric field |27 



where 9 = 9 (mod 27rZ) and |0| < n. This gives rise to the vacuum energy density 



(3.19) 



E. 



vacuum 



- i 9_ 

2tt 



(3.20) 
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2 „ 

for this branch. In addition, if r 7^ 0, it gives an additional contribution of \r when a 
is large. (This is obtained by setting ai,b{ = in ( |3.16| ).) The vaccum energy density for 
large a can therefore be expressed as 



Em 



J vacuum 




(3.21) 



Thus, in the limit r — > and 9 —>■ (mod 27rZ), this branch is degenerate with the branch 
with a = 0. 

Classically, in this limit we would expect two branches: the Coulomb branch C where 
I a I 7^ which implies that , hi are massive and the Higgs branch where | a \ = but the 
a,i,bi are not zero. In the Higgs branch, a field is massive and the U(l) gauge symmetry 
is spontaneously broken. It is known that, in the quantum theory these two branches are 
smoothly connected. In the infrared limit, one expects that, even though the two branches 
are still connected, the region that interpolates between them stretches out infinitely long. 
For finite e 2 , wave functions can spread from the Higgs branch to the Coulomb branch. 
However the distance between these branch becomes infinite in the IR limit e 2 — > 00 and 
thus the two branches decouple. It is believed that the Higgs branch theory is obtained 
by the straightforward e 2 — > 00 limit of the linear sigma model, whereas the decoupled 
Coulomb branch theory is obtained by keeping the combination a = \e\~ 1 a finite in taking 
the limit and by performing the functional integral over a rather than over a [28,29] . This 
Coulomb branch being disconnected from the Higgs branch plays no role in this paper. 
In the following, we will focus on the Higgs branch theory since its infrared limit is the 
non-linear sigma-model on the resolved conifold. However, in the Higgs branch, there is a 
region where one connects to the Coulomb branch. This is the infinitely long throat which 
used to be a transition region to the Coulomb branch. This throat region, where |er| ^> 1, 
can be viewed as a "Coulomb domain" of the Higgs branch. We will refer to it as the C 
domain or C branch. This should not cause any confusion as the IR disconnected Coulomb 
branch plays no role in the string theory studied in this paper. 

We will find it useful to note that the dependence of the linear sigma-model action on 
r and 9 can be expressed superpotential 

W = tE, (3.22) 

where 

t = ^-+ir : (3.23) 
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and E is a twisted chiral field defined as the field strength of the vector multiplet, 



E = D+D-V. (3.24) 

In this paper, we are interested in the A-tjpe topological twist of the sigma-model. 
Field configurations invariant under the topological BRST symmetry are given by holo- 
morphic maps from the worldsheet to the resolved conifold, i.e., worldsheet instantons. 



One can show |26[] that the instanton actions for such configurations are given by 

Sinstanton = -2mtN , (3.25) 

where iV is the instanton number. Thus we can identity t as the complexified Kahler 
modulus of the resolved conifold. When t is non-zero (with Im t > 0), topological string 
amplitudes can be expresed as a sum over worldsheet instantons weighted with the factor 
e 27ritAr . As we take the conifold limit t — > 0, the sum over the instantons may diverge. In 
the linear sigma-model description, the divergence occurs since the non-compact branch 
with a^O opens up in the limit. 



4. Derivation of the large N duality 

In this section, we will present a detailed derivation of the equivalence between the 
Chern-Simons gauge theory on S 3 and the topological closed string on the resolved conifold. 

To compute a topological string amplitude, one starts with the topological A model, 
i.e. the A-type topological twist of the linear sigma-model described in section 2, evaluate 
a certain correlation function of the model, and integrate it over the moduli space of 
Riemann surfaces. For example, the g loop topological string partition function is given 
byi 

3g-3 

F 9 = \ {\{{m,G- L ){fj h G- R )), (4.1) 

JM 9 i=l 

where M. g is the moduli space of genus-g Riemann surfaces, G~[ and G R are Af = 2 
supercurrents which have conformal dimensions (2,0) and (0,2) after the topological twist, 
r\i and % are Beltrami differentials on the Riemann surface S, and 

{•m,Gl) = Jdz 2 rH(z)Gl(z). 

4 We are using the symbol T g to denote the string amplitude, to distinguish it from the 
corresponding gauge theory amplitude F g . 
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When the Kahler modulus t of the resolved conifold is large, we can express the 
topological string amplitude as a sum of worldsheet instantons, i.e., a sum of holomorphic 
maps from genus g surface to the resolved conifold. We will show that, when t is small, the 
same amplitude can be expressed as an asymptotic expansion in powers of t, and each term 
in the expansion can be idenfitied as a sum over Feynman digrams of the Chern- Simons 
gauge theory drawn as genus g ribbon graphs with a fixed number of holes. 

As we saw in ( |3.21|) , when the complex scalar field a in the vector multiplet is large, 
the ground state energy density is given by 

e 2 

Eyacuum = ~^ mrn neZ \t ~ n\ . (4.2) 

Therefore, if t is away from integer points, the contribution from large value of a is sup- 
pressed in the infrared limit e 2 — > oo. On the other hand, as t — > 0, the potential barrier 
for the C branch disappears and a can grow indefinitely large. This causes sigma-model 
amplitudes to diverge in the limit. To separate the singular part and the regular part of 
the a model functional integral, we find it useful to divide the Riemann surface S into the 
C domain Uq where a is large and the H domain Uh where it is small. For definiteness, 
we introduce a cutoff parameter cr* and define these regions and their boundary 7 as 

U c = {zeS : \a{z) \ > o-*}, 

U H = {zeS : \a(z)\ < a*}, (4.3) 
7 = {z E S : \a(z)\ = a*}. 

We would like to stress that both the C and H domains are parts of the Higgs branch 
theory, as already discussed. The functional integral can then be performed in the following 
steps: 

(1) Integral over a with \a\ > cr* and the rest of the fields in Uc- Because of the potential 
( P-16|) , the chiral multiplet fields c^,^ are suppressed. This domain describes topological 
string localized at the conifold singularity. 

(2) Integral over a with |er| < cr* and the rest of the fields in Uh- Because of the cutoff, the 
functional integral does not generate singularities at t = 0. This domain describes string 
propagating in the smooth part of the conifold. 

(3) Integral over location of the boundary 7 of the two domains. 

Let us discuss contributions from each integral separately. We will discuss (3) first. 



21 



4-1. Integral over 7 

The location and shape of the boundary 7 can be regarded as collective coordinates 
of a. The task of identifying these collective coordinates is simplified by the localization 
property of topological sigma-model functional integral. We note that the gauge invariant 
field strengh E of the vector multiplet defined in ( |3.24|) is a twisted chiral superfield, and 
the roles of the A and B twists are exchanged when acting on the vector multiplet fields. 
In the topological twisting in question, both d z a and dz<j are BRST trivial. Therefore 
the functional integral over a on a Riemann surface of fixed moduli reduces to a finite 
dimensional integral over constant mode of a. This means that the entire Riemann surface 
is either in the C domain or in the H domain. 

The situation is more subtle in the topological string where we integrate over the 
moduli space of Riemann surfaces. As explained in ]7| and clarified further in [14], the 



scalar field a can be non-constant if we take the limit in the moduli space where the 
worldsheet is infintely elongated along the direction in which a is varying so that variation 
of a per unit worldsheet length goes to zero. This means that the boundary 7 between the 
C and H domains can emerge if and only if the worldsheet has a long cylindrical region 
and 7 cuts through the cylinder, as shown in Figure 7. 




H domain C domain 

Figure 7: A worldsheet can be separated into the two domains across a long cylinder. 



Let us introduce coordinates {x,y) on the cylindrical region of the worldsheet, where 
x is a periodic coordinate around the cylinder, x ~ x + 2n, and y take value in the interval 
< y < I for some large I. The cylinder is attached to the rest of the Riemann surface at 
the two ends, y = and /. Suppose the boundary 7 is located at y = yo; the H domain on 
the left y < yo and the C domain is on the right y > yo. By the topological reduction, the 
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a field is varying only along the y direction and stays constant in the x direction. Namely 
the vector multilet field reduces to a quantum mechanical model with y playing the role 
of imaginary time. 

On the cylinder, we are performing the functional integral with the constraints that 
| a | = cr* at y = y . As discussed in the above, the localization of the topological B-model 
for the a field implies that, along the boundary 7, the functional integral over a reduces 
to a finite dimensional integral over constant value of a. We thus have 

a(z) = a at y = y , (4.4) 

where 

ao = a*e^, (4.5) 

for some fixed (p. Of course the topological sigma model will not fix the phase of cr and 
thus we have to integrate over (p. Since the topological string is B-twisted in the C domain, 
the functional integral in the C domain on the right of 7 gives an amplitude which depends 
holomorphicaly on cr - The amplitude from the H domain on the left will turn out to be 
independent of ao- 

In the original functional integral of the linear sigma-model, the value of a at y = yo 
is arbitrary. The constraint \a\ = a* then transforms the integral over |cr| at yo into an 
integral over the location yo of the boundary 7 along the cylinder. Let us evaluate the 
Jacobian for this change of funcational integral variables (a, a) — > (yo, <fi)- We can write 

da(y ) A da(y ) = da A dy ■ ^j-{vo)- (4.6) 

dy 

The operator da /dy is a marginal operator which shifts the boundary condition a = ao — > 
ao + e. To see this note that da /dy is the momentum conjugate to a (viewing y as the 
time direction along the cylinder) and so it corresponds to d/da. Therefore we can make 
the change of the functional integral variables as 

d 

da(yo) A da(y ) ~ dy A da ■ -= — . (4.7) 

oa 

Here the derivative operator on the right-hand side acts on the amplitudes computed in 
the C and H branches. We still have to integrate over the localization moduli for the 
B-model, which means the phase of the a field. Thus we find that the integral over 7 
effectively turns into 

dyo jda Q -—, (4.8) 
23 



where the contour integral is over \a\ = a*. The derivative will act on the path integral on 
the Coulomb branch with the boundary condition a = o~o on 7. Since the topological B- 
model amplitude is holomorphic in erg, the precise location of the above integral is irrelevant 
as long as it circles the origin, where the topological amplitude may have singularities. The 
integral over dyo, together with the overall length / of the cylinder, is exactly what one 
expects for the integration over division of the cyclinder to two regions, as one would need 
for the interpretation of H and C regions as independent string theories, whose amplitudes 
are evaluated by integrating over moduli spaces of Riemann surfaces with boundaries. 

4-2. Contribution from the C domain 

The C domain describes topological string at the conifold singularity. Since the chiral 
multiplet fields are massive, we can integrate them out. This gives rise to a linear dilaton 
coupling for the vector multiplet, which changes the measure for a 0. In addition, we have 
the twisted superpotential ( |3.22| ). We will utilize this description to compute amplitudes 
in the Uq domain. 

A topological string amplitude is given by an integral of a topological sigma-model 
correlation function over the moduli space of Riemann surface. For example, the topolog- 
ical string partition function at g loop is defined by ( |4.1| ) . When the worldsheet is divided 
into the C and H domains, the (6(7 — 6) -dimensional moduli space of M. g becomes locally a 
product of the moduli spaces of Uc and Uh- The simplest cases are when S = Uc or Uh, 
namely when the entire Riemann surface is either in the C domain or in the H domain. 

(C) 

The contribution from the case S = Uc is denoted by JF^ , where refers to the fact 
that that is no boundary. We will compute this in (b) below. There is also a possibility 
that the entire Riemann surface is in the H domain. This will be discussed in the next 
subsection. 

Now let us consider the case when the boundary 7 has one connected component, 
which separate the surface into Uc and Uh- Suppose Uc has gc handles and Uh has 
gu handles so that g = gc + 9h- Among (6(7 — 6) Bertrami differentials on S, we can 
choose (6gc — 6) to be localized in Uc and (6gH — 6) to be localized in Uh- The remaining 
six moduli parameter are associated to the long cylindrical region connecting Uc and Uh 
discussed in the last subsection. Among them, two are associated to the location of an end 
point of the cylinder in Uc, two are associated to the other end point of the cylinder in Uh, 
and the remaining two describe the length L and the twist of the cylinder. If the surface 
S is separated into the two domains Uc and Uh, the twist parameter becomes irrelevant 
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since we can twist the cylinder along the boundary without causing any change to Uc or 
Uh- This is compensated by the fact that the location yo of the boundary 7 becomes an 
additional moduli parameter, so the total number of moduli remains the same. We find 
(6<7C — 3) moduli parameters for Uc and (6<7# — 3) moduli parameters for Uh- 

One can also see that the insertions of and G~^ in ( f4.1| ) are distributed in the 
C and H domains in such a way that we obtain the correct measures for the topological 
string amplitudes on Uc and Uh with the boundary 7. This is obvious for the moduli 
whose Beltrami differentials are localized in either Uc or Ujj. The only slightly nontrivial 
ones are the insertions of and G^ associated to the length and twist of the cylinder. 
These operators are integrated along the x direction as J Q 2n dxG~[(x, y) J Q 27T dxG~^(x, y) at 
some fixed y. We can move one of them to the H domain y < yo and the other one to the 
C domain y > yo, and use them to give the correct measures for the extra moduli. 

Let us denote the amplitudes on Uc and Uh separated by the single boundary 7 by 
where and Fg^i- Taking into account the Jacobian factor ( |4.7|) , their contribution 

to the topological string amplitude is 

9c+9h =g 



where 



(c) 

computes the monodromy of j gc \ aroun d o"o = 0. This comes from doing path integral 

(C\ 

over 7 leading to (|4.8|) as discuused before. Clearly the contribution vanishes if F gc \ * s 
a single- valued function of ctq. This is the case for gc > 1 since the amplitude has a 
well-defined expression as a correlation function of (6gc — 3) supercurrents G~ integrated 
over the moduli space of surface with gc handles and one hole. The only case when the 
amplitude could potentially have a nontrivial monodromy around a"o = is when gc = 0, 

i.e. when the C domain has the topology of the disk. Note that 6gc — 3 = —3 in this 

( o 

case, and the amplitude J-q x itself is not defined as a correlation function of the A-model. 
To compute it, we consider a well-defined correlation function such as d^T^y /da^dt and 

(C) 

integrate it with respect to t and ctq. Actually it turns out that 8Tq x /dao is already well 

(C) (C) 

defined, and we use it to compute A^q x . We will show later that the disk amplitude JFq 1 
indeed has a non-trivial monodromy around o"o = 0. To summarize we have shown that, 
when the Riemann surface is separated into one C domain and one H domain, the only 
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contribution to the topological string amplitude comes from the case when the C domain 
has a topology of disk, as shown in Figure 8. 




Figure 8: A worldsheet with both H and C domains contributes to the topological string ampli- 
tude only when every C domain has the topology of the disk. 



It is straightforward to generalize this consideration to the case when 7 has several 
connected components. The Jacobian factor ( |4.8| ) appears on each boundary component. 
We then perform the angular integral § dao for each boundary. We can show that the 
amplitude is non-zero only when every connected component of Uc has topology of disk. 
Suppose Uc has a connected component with g handles and h boundaries. The topological 
string amplitude computed on that component with the Dirichlet boundary condition is 
well-defined if 6g + 3h — 6 > 1. Therefore, if h > 1, there are only two cases when the 
amplitude can have monodromy; h = 1 or 2 with g = 0, i.e. it is either a disk or an 
annulus. Since the annulus has two boundaries, its contribution to the topological string 
amplitude is 

r d 2 T {c) 

da °f d <^ (4 - n) 

(C) 

where 2 is the annulus amplitude with the boundary conditions a = ao on one boundary 
and a = a' on the other. Although may have a monodromy, its derivative dJ 7 ^ /da' Q 
is a single- valued holomorphic function of ao. This means that the result of the ao integral 
for fixed a' in ( 4 . 1 1| ) gives zero. Therefore the mixed phase with the C branch with the 



topology of the annulus, as shown in Figure 9, does not contribute to the topological string 
amplitude. We have found that the C domain must be a disjoint union of disks. 
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Figure 9: The partition function of the C domain with the topology of the annulus can have a 
non-zero monodromy as a function of Co and cr' , which specify the Dirichlet boundary conditions 
on cr(z). However the amplitude is annihilated by <f> dcro § da'ad^d^ and therefore does not 
contribute to the topological string amplitude. 

We conclude the g loop topological string amplitude is expressed as 



where AJFq x ' is the monodromy of the disk amplitude and T g h is the contribution from 
the H domain with g handles and h holes. 

Let us compute l an< ^ 3~*q0 • 



As discussed above, in order to evaluate the contribution of the disk amplitude we 
need to compute 



The amplitude JFq x ' is evaluated in the C domain of disk topology with the Dirichlet 
boundary condition a = ctq. As noted in [|30| , |3T| , p2| , JFq x ' is given by the integral of 
the top holomorphic form bounding the brane. (In the case of Calabi-Yau threefold this 
corresponds to a 2-cycle in Calabi-Yau with the holomoprhic 3-form integrated over a 
3-chain with boundary being the 2-cycle.) In the C domain, we effectively have a Landau- 
Ginzburg theory with superpotential 




(4.12) 



h=l 





W = t£ 
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E is the twisted chiral superfield with a as its lowest component. As discussed in [33] for 
an M = 2 Landau-Ginzburg model, the top holomorphic form is given by 



In the case at hand, we have a single chiral field a. However the measure in the field 
space is not da but rather 

%, (4.13) 

as noted in || . This arises by integrating over the chiral fields , which are massive in 
the C domain, which leads to a dilaton which translates to the above change in measure. 
In the C domain, the brane corresponds to the 0-cycle specified by the point a = o~o and 
thus the disk amplitude is an integral over a chain with o"o as its boundary, i.e. 



i 

a 



Thus we have 



A^q^P = $ da = $ da —^- t, 



da J ~" J a\ 



which is what we wanted to show. Thus each disk in the C domain contributes t = NX S to 
the H branch amplitude. This is exactly what we need in order for the string amplitude 
to reproduce the 't Hooft expansion (|1.2| ). 

(b) ^ 

We now evaluate the amplitude when the entire Riemann surface is in the C domain. 
There is an equivalent description of the C domain in terms of another Landau-Ginzburg 
theory, which can be motivated by trying to make the measure in ([4.13|) be a more standard 
one. If we define the chiral field X by 

X = E-\ 

the superpotential is expressed as 



W = tX~\ (4.14) 



and the field measure changes to 



da 
a 2 
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Thus, in terms of X , the linear dilaton is turned off and we have an ordinary Landau- 



Ginzburg theory. In fact this model has been proposed in |34[] as being related to the c = 1 
bosonic string with a target circle at self-dual radius. This follows from the fact that the 
Landau- Ginzburg model with the superpotential (|4.14|) is equivalent to the SL(2, R)/U(l) 



coset conformal field theory at level 3, which in turn is related to the c = 1 bosonic string. 
Originally this equivalence was motivated by an "analytic contiuation" to k = —3 of the 
well-established equivalence between the Landau- Ginzburg mode with the superpotential 
W = X k+2 and the minimal Af = 2 conformal field theory, which can be realized as the 
SU(2)/U(1) coset model at level k. More recently, this equivalence was proven directly 



using mirror symmetry in [g5|. In particular, the topological B-model with the superpo- 
tential QL14| ) is mapped to the topological A-model on SL(2, R)/U(l) at level 3. In the 
SL(2, R)/U(l) coset model, the topological string amplitude J r g (SL(2, R)/U(l)) at genus 



g has been computed [|36| with the result, 

F g (SL(2,R)/U(l))=*i^, 

where x {-M-g) ls the Euler characteristic of M. g . More explicitly, 

^SL(2,R)/U(l))= M2!I % 23 . 2 (4.15) 

for g > 2, where B-2 g is the 2g-th Bernoulli number. This can also be interpreted as the 
partition function of the c = 1 bosonic string on a self-dual circle |37[] . From the above 
chain of equivalences, we find that ( |4 . 1 5[ ) gives the contribution to the topological string 



amplitude when the whole Riemann surface is in the C domain. 
To conclude, we have 



3 '° ~ 2<7(2<7- 2)^-2' 1 ! ' l 



for g > 2. The topological string amplitudes at g = and 1 are somewhat special. For 
g = 0, we have 

4 C ] = U 2 \ogt + Q(t), (4.17) 

where Q(t) is a quadratic polynomial in t. The easiest way to see that is to note that 
dJ-QQ /dt is a period integral given by 

(CO ix+ _ / j„„-2„t„ 



dF^o/dt = J dao- l e ta . (4.18) 
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Taking two more derivatives with respect to t allows one to do the integral and one obtains 
d 3 J r Q C Q > /dt 3 = t~ x which can be integrated to find the above result. The genus 1 amplitude 
is 

^S? = ~logt. (4.19) 
We find that (|4.16| ), (|4.17| ) and Q4.19Q reproduce the nonperturbative terms ( |2.12| ) in the 



Chern-Simons theory amplitude that are not captured in the 't Hooft expansion. 

As an aside, we would like to point out that the above results also provide another 
insight into the claim that the Landau-Ginzburg B-model with W = tX~ l is equivalent 
to the B-model conformal theory on the deformed conifold |H| . This follows from the fact 



that the most singular contribution to A-model amplitudes on resolved conifold when t — > 
should come from the C domain which opens up at that point, giving rise to the results 
in the above paragraphs. On the other hand in this limit, the mirror symmetry maps 
the resolved conifold to the deformed conifold. This explains the equivalence between the 
B-model on the deformed conifold and the above Landau-Ginzburg B-model. 
Thus we have a number of equivalences: 

• The topological Landau-Ginzburg B-model with the superpotential W = £E with the 
non-standard measure da /a 2 . 

• The topological Landau-Ginzburg B-model with the superpotential W = tX~ x with the 
standard measure. 

• The t — > limit of the topological A-model on the resolved conifold. 

• The SL(2,R)/U(1) coset A-model. 

• The c = 1 string theory at the self-dual radius. 

Moreover the contribution from this piece is precisely the part that the perturbative Chern- 
Simons theory lacks from the exact results. 

Note that these equivalences also gives rise to an a priori formula relating the volume 
of U (N) to the Euler characteristic x{M g ) of the moduli space of genus g Riemann surfaces 
as 

log(yol(U(N))) = -J2^4, (4-20) 

9 

with an appropriate interpretion for g = and 1 terms. To our knowledge, this intriguing 
formula has not been noted in any matrix model or topological string literature. 
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4-3. Contribution from the H domain 

In the H domain, the functional integral over a is cutoff at \a\ < a* and therefore is 
regular in the conifold limit. We can regard this domain as describing topological string 
propagating in the smooth part of the conifold. As explained in section 2, the smooth 
resolution is a local operation at the conifold singularity, so we expect that amplitudes 
computed in the H domain to be independent of the Kahler moduli t. In fact, since the 
£7(1) gauge symmetry is spontaneously broken in the H domain, the field strength F is 
zero and there is no contribution from the theta term, ij-F. By holomorphy in t, we 
conclude that the amplitude in the H domian does not depend on t. Thus we will evaluate 
the contribution from the H domain right at the conifold limit t = 0. 

In the C domain, the chiral multilet fields a^,^ are suppressed due to the potential 
( |3.1(ii| ) with \a\ > cr*. Viewed from the H domain, we have the Dirichlet condition a^, 5^ = 
at the boundary. Namely the chiral multiplet fields in the H domain is ending on the 
conifold singularity. To evaluate the amplitude, it is useful to regard the conifold as the 
fx — > limit of the deformed conifold geometry ( |3.3| ). Since the deformation parameter fx 
is BRST trivial in the topological A-model, the amplitude is independent of fx. Thus we 
can turn on fx without changing the amplitude. To do this, we need to use fji variables 
which are related to a^, bi by ( |3.13|) when fx = 0. When fx > 0, the deformed conifold is the 



cotangent bundle over S 3 , as we saw in section 2, and the natural boundary condition for 
the A-model is that the open string ends on the base S 3 . In the phase space coordinate 
the conditions are Pi = 0, which correspond in the yi coordinates to 

Vi = 2/2, V3 = -m- (4.21) 

In the limit fx —>■ 0, these conditions together with the equation for the conifold geometry 
(p.8|) imply yi = and reduces to the description in terms of a^, bi with the fully Dirichlet 



condition on them. Since the A-model amplitude is independent of fx, T g h should be 
given by the topological string amplitude with D brane wrapping on the base S 3 of T*S 3 . 
According to @, this is nothing but the sum over Feynman diagrams of the Chern-Simons 
gauge theory on S 3 denoted by F g ^ in section 3. Here we are obtaining the strictly zero size 
limit of S 3 . However when we deform S 3 to finite size, the topological A-model amplitudes 
do not change, and the only allowed D-brane in the geometry is the one corresponding to 
the branes wrapping S 3 . Thus, smoothing out the geometry gives the uniquely allowed 
branes, yielding the description of U(N) Chern-Simons on S 3 . 
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As we mentioned in the last subsection, there is also the possibility that the entire 
Riemann surface is in the H domain. This would describe the closed topological string on 
the conifold with finite size S 3 , and its amplitudes is trivial since there is no two-cycles 
which is needed for worldsheet instantonsJ! This is consistent with the expectation that 
the closed string degrees of freedom should have been decoupled in the gauge theory side. 

4-4- Summary 

We have found that, by summing over configurations of the C and H domains, the g 
loop topological string amplitude for g > 2 is given by 

*• = M2 9 -V-' + £ (4 ' 22) 

The sum over h in the second term reproduces the 't Hooft expansion of the Chern-Simons 
gauge theory, and the coefficients F g> h are computed using ribbon graphs with g handles 
and h holes. On the other hand, the first term comes from the situation when the entire 
Riemann surface is in the C domain. This term is missing in the 't Hooft expansion, as 
discussed in section 2. 

The formulae for g = and 1 are given by 



t 2 



^=0 = y logt + Q(t) + J2 thF 9=0,h> 

1 00 k=1 (4-23) 

F g=1 = --logt + J2 t h F g=hh , 



12 

h=l 



where Q(t) is some quadratic polynomial of t. Combining ( 4.22| ) and (|4.23|) together and 
coverting the variables as t = gyM-^ an< ^ = 5ym' ^ ne topological string amplitude to all 
order in the perturbative expansion is given by 



T - V a 29 ' 2 

9=0 



N 1 I B 

^ log (« - - log (g 2 YM N) + g N2g _ 2 2g{2 *°_ 2) ^ ^ 

+ 9ymQ(9ym n ) 

00 00 

+ J2J2(9Yu) 29+h - 2 N h F g , h . 

g=0 h=l 



5 Even degenerate instantons do not contribute in this case. 
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The sum over g and h in the last term in the right-hand side reproduces the 't Hooft 
expansion of the Chern- Simons gauge theory. The non-perturbative conributions of the 
gauge theory are also in perfect agreement with the terms in the above coming from the 
case when the entire Riemann surface is in the Coulomb branch. 

4-5. SO(N) and Sp(N) gauge groups 

It was conjectured in |38] that the Chern-Simons gauge theories on S 3 with SO(N) 



and Sp(N) gauge groups are dual to the topological closed string theories on an orientifold 
of the resolved conifold, with the dictionary that 

i 

A, 



k + °g (4.25) 
t = (N + a)X s , 

with c g = N - 2, a = -1 for SO(N) and c g = N + 1, a = +1 for Sp(N). It should be 
possible to extend the proof in this paper to these cases with the orientifolds. 

In particular, this means that the identity flPoD for U(N) can be generalized and 
that there is a relation between the volumes of SO(N) and Sp(N) gauge groups and 
virtual Euler characteristics on the moduli spaces of orientable and non-orientable Riemann 
surfaces. The volumes of these groups can be evaluated using the formulae in p3]j3l]| 



2 n+l (2ix) 

vol(SO(2n+l))- 



(2n-l)!(2n-3)!---3!l! 

,2 



™ MSOi2n » - (2n-3) ! (2,^!'. 3!1! („-!), ■ < 4 ' 26 > 
vol(5p(2n))- " U 1 



(2n-l)!(2n-3)!---3!l! 

The factorials in the denominator of each formula is related to the exponents of the cor- 
responding group. Note that the expressions for vol(5'0(2n)) and vol(5'0(2n + 1)) are 
related to each other by analytic continuation in n. This can be shown by using 

(2n-3)!(2n-5)!---3!l! (n-1)! -> 2~ n ^(2n - l)!(2n - 5)! ■ ■ ■ 3!l! 

1\ (4-27) 
n — >• n H — . 

2; 

The analyticity in n is necessary in order for the large n expansion to make sense. One can 
also check explicitly that these formulae agree with the k — ► 00 limit of the exact results 
of the SO and Sp Chern-Simons gauge theory. 
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Let us evaluate the large n expansion of the logarithm of each of these volume formulae 
and compare with the virtual Euler characteristics of the moduli spaces. As pointed out 
|38|1 , the non-orientable Riemann surfaces with two cross caps do not contribute to the 



m 



topological closed string amplitudes. Therefore topological amplitudes with the orientifold 
of the SO (Sp) types are equal to one-half of the amplitude without the orientifold plus 
(minus) contributions with one crosscap. This means that the product of the volume of 
the SO and Sp groups should be related to the volume of the unitary group. To be precise, 
we need to take into account the shift in N — * N + a in the expression for t in ( f4.25|) . 



Using the volume formulae (|4.26|) and performing the analytic continuation 2n — > 2n 



to compensate for the shift, we find 



vol (SO(2n + 1)) ■ vol (Sp(2n - 1)) 

1 (2tt) 2 - 2 +- ( 4 - 28 ) 



7T (2ra-l)!(2n-2)!---2!l! 
Comparing this with ( |2.7| ), we find 

vol (SO(2n + !))■ vol (Sp(2n - 1)) = J^vol (U(2n)) . (4.29) 



Thus, using ( |4.20| ), we can write 



log (vol (SO(2n + 1))) + log (vol (Sp(2n - 1))) 

v X (M g ) (4.30) 
^ (2n) 2 9- 2 ' 

9 V ' 

As in the case of U(N), the g = and 1 terms need to be interpreted appropriately. 

Similarly the large iV duality predicts that the logarithm of the ratio of these vol- 
umes gives a generating function of the virtual Euler characteristic x(-Mg) is the Euler 
characteristic of moduli space of genus g with a single cross cap as, 

log (vol (SO(2n + 1))) - log (vol (Sp(2n - 1))) 

/ V*(47r)"+* \ v x(Mp (4.31) 
r(n+J) ) ^(2n)*P-i" 



Using the expansion of the Gamma function, we find 



( 2 2s-2 _ 2~ 1 )B 2g 



lg{2g - 1) 
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This is in full agreement with the recent computation of this quantity [JC . 



To summarize, we found 




(4.32) 



As predicted by the large iV duality, the volume factors in the SO and Sp Chern- Simons 
gauge theory are related to the topological string computation for orientable and non- 
orientable worldsheets in the pure C domain. 

5. Discussion 

We have proven that the topological closed string amplitude T on the resolved conifold 
geometry can be expressed as 



where F g ^ is the Chern-Simons amplitudes on S 3 computed by using ribbon graphs with 
g handles and h holes. In the closed string theory, F 9i h computed using genus g Riemann 
surfaces on which there are h disks in the C phase. Seen from the H phase, these disks in 
the C phase are holes on the worldsheet, which introduce an open string sector. We showed 
that, when the C and H phases coexist, each C domain must have the topology of the disk. 
Moreover we found that each disk in the C domain gives the factor t = (7y M iV, precisely as 
prescribed for the 't Hooft expansion. In this way, the closed string computation reproduces 
the Chern-Simons perturbative expansion. 

The extra term J-n 0npert is given by a sum over Riemann surfaces which are in the 
pure C phase. This term, which cannot be captured in the 't Hooft expansion of the gauge 
theory, has various interpretations. From the string theory point of view, they are: 

• The topological string coupled to the topological Landau- Ginzburg model with the su- 
perpotential W = tX~ x . 

• The topological string coupled to the SL(2,R)/U(1) coset A-model. 

• The c = 1 topological string amplitude on a circle of self-dual radius. 



oo 



oo 




(5.1) 



g=0 h=l 
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These compute the Euler characteristic x{M- g ) of the moduli space of genus g Riemann 
surfaces. From the gauge theory point of view, they are: 

• The measure factor of the Chern-Simons gauge theory on S 3 . 

• The fractional instanton contribution to superpotential terms on D6 branes wrapping on 
the S 3 of the deformed conifold geometry. 



These compute the volume of U(N). This leads to the equality (|4.20|) relating x(-M g ) 



to the volume of U(N). All these pictures fit together to make the gauge theory /string 
theory equivalence complete. 

In this paper, we have presented the proof of the large iV duality using the parti- 
tion function of the Chern-Simons theory as an example. It is not difficult to apply our 
derivation to other physical observables, such as expectation values of Wilson loops, which 
compute knot and link invariants. The proof goes as follows. As shown in ||, the compu- 
tation involving Wilson loops can be formulated in the language of topological open string 
theory by adding probe D branes on T*S 3 wrapping on special Lagrangian submanifolds 
which are determined by the configuration of the loops on S 3 . Turning on holonomies 
of the gauge fields on the probe branes, the partition function of the topological open 
string theory gives a generating function of the knot and link invariants. @ The large N 
duality predicts that the generating function can be computed as a partition function of 
the topological string on the resolved conifold in the presence of the corresponding probe 
D branes. It was pointed out in Jl2| that, in order to fix the framing ambiguity of the 
loops, one needs to move the probe D branes off from the base S 3 , adding mass to the 
open string stretched to the probe D branes and the ones wrapping on the S 3 . It is then 
clear what the corresponding branes are in the string theory side since the small resolution 
only modifies the geometry near the conifold point. 

Given this, we can prove the duality involving the Wilson loops as follows. We start 
from the topological closed string on the resolved conifold with these probe D branes. We 
note that only the H domain of the worldsheet can end on the probe D branes since they 
are away from the conifold point. We can then run the same argument as we presented 
in section 4 and show that this reproduces the topological open string computation with 



6 The generating function is a function of the gauge field holonomies on the probe branes and 
carries information about Wilson loops expectation values for arbitrary representations of U(N) 
running around the loops. 
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the iV D branes wrapping on the base S s as well as the probe branes. In this way, the 
partition function of the topological closed string theory with the probe D branes can be 
shown to reproduce the generating function of the knots and links. In this case, we do 
not get the extra contribution from worldsheets in the pure C phase since we need the D 
domain in order for the worldsheet to end on the probe branes. 

The proof of the large N duality was made possible by the linear sigma-model de- 
scription which is useful when the 't Hooft coupling t = g\ M N is small. It is in some sense 
a "non-perturbative" completion of the non-linear sigma model. Namely, if we had con- 
sidered strictly the non-linear sigma model, we would have concluded that the worldsheet 
theory becomes singular at t — > 0. In the linear sigma model description, some massive 
states become light and relevant as new degrees of freedom in the infrared limit. It is 
somewhat similar to how the non-perturbative string states become light in the target 
physics, and are important in understanding the target dynamics. It would be interesting 
to come up with a similar description for strings in AdS, which should enable us to prove 
the AdS /CFT correspondence from the first principle. We need an analogue of the linear 
sigma model for AdS which gives a useful description of the worldsheet when the curvature 
radius of AdS vanishes. 
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